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Abstract Based on invariant algebras, we introduce representations®""' of Lie 
algebras and representations^*"*''^ of Leibniz algebras, give the extended P-B-W The- 
orems in the context of the new representations of Lie algebras and Leibniz algebras, 
and generalize the Hopf-algebra structure on the enveloping algebras of Lie Algebras. 

Throughout, an associative algebra always means an associative algebra hav- 
ing an identity, a homomorphism from an associative algebra to an associative 
algebra always preserves the identity, and all vector spaces are vector spaces 
over a field k. 

Let y be a vector space, and let End{V) be the associative algebra of all 
linear transformations from V to V. It is well-known that End{V) is a Lie 
algebra with respect to the following bracket [ , ] 

[f,9]-^f9^9f f,geEnd{V). (1) 

This Lie algebra is denoted by gi{V). In this paper, the bracket defined by ([T]) 
will be called the ordinary bracket, and a homomorphism from a Lie algebra 
C to the Lie algebra g£{V) will be called an ordinary representation of the 
Lie algebra ConV. 

This paper is concerned with the new ways of representing Lie algebras and 
Leibniz algebras by using linear transformations. The key idea in this new ways 
is to replace the ordinary bracket by new brackets and replace the associative 
algebra End{V) by a subalgebra of End{V). Let be a non-zero subspace of 
a vector space V, and let End^y {V) be the set of all linear transformations from 
y to which have W as an invariant subspace, i.e., 

End„ (V) :={f\.fe End(V) and J{W) CW}. 

Clearly, End„{V) is a subalgebra of the associative algebra End{V). Although 
the way of making End{V) into a Leibniz algebra has not been found, there are 
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several ways of making the subalgebra End^^ {V) into a Leibniz algebra. Also, 
there are several new brackets which are different from the ordinary bracket and 
make End^ iV) into a Lie algebra. In fact, if we fix a scalar fc G k and a linear 
transformation q satisfying 

q{W) = and q{v) -v & W iov &\\v & V, (2) 

then End„ (V) becomes a Leibniz algebra with respect to the following 4-th 
angle bracket ( , )4,fe: 

(/, 9)i,k = fg-gf + gqf - fgq + kfqg - kqgf for /, 5 e End^ (V), 

and End„ {V) becomes a Lie algebra with respect to the following 6-th square 
bracket [, ]6,fe: 

[f,g]6,k ■■= fg-gf - fgq + gfq + kfqg - kgqf for f,gG End„{V). 

Replacing g£{V) by the Leibniz algebra {End^^{V), ( , )4,fe), we get the notion 
of representations'^"*'*^ of Leibniz algebras. Replacing g£{V) by the Lie algebra 
{End^{V), [, ]6,fc), we get the notion of representations^"*'' of Lie algebras. 

The Poincare-BirkhofF-Witt Theorem (P-B-W Theorem) and the Hopf alge- 
bra structure for the enveloping algebras of Lie algebras are of great importance 
to the ordinary representations of Lie algebras. To initiate the study of the 
new representations of Lie algebras and Leibniz algebras, it is natural to study 
the counterparts of the P-B-W Theorem and the Hopf algebra structure for the 
enveloping algebras of Lie algebras in the context of the new representations of 
Lie algebras and Leibniz algebras. The purpose of this paper is to present our 
results in this study. 

This paper consists of six sections. In section 1, we introduce the notion 
of invariant algebras, discuss some basic properties of invariant algebras, and 
define representations^"*'' of Lie algebras and representations^^*'' of Leibniz 
algebras. In section 2, we introduce free invariant algebras and construct a 
basis for a free invariant algebras. In section 3, we introduce enveloping^"*'' 
algebras of Lie algebras and give the extended^^*'' P-B-W theorem. In section 
4, we introduce bialgebras with cr-counit and Hopf-like^"*'' algebras. The main 
results of this section is that the enveloping^"*'' algebra of a Lie algebra is a 
Hopf-like^"*'' algebra. In section 5, we introduce enveloping'^"*''^ algebras of 
Leibniz algebras and give the extended''^"*''^ P-B-W theorem. In section 6, 
we introduce Hopf-like''*"*''^« algebras with i = 1, 2 and study Hopf-like'^"*''^* 
algebra structures on the enveloping''*"*''^ algebra of a Leibniz algebra. 



1 Invariant Algebras 

We begin this section by introducing the notion of invariant algebras. 
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Definition 1.1 Let A be an associative algebra with an idempotent q. The set 
{A, q) :— {x, \x A and qxq — qx} (3) 
is called the (right) invariant algebra induced by the idempotent q. 

The most important example of invariant algebras is the linear invariant al- 
gebra over a vector space. Let F be a vector space, let End{V) be the associative 
algebra of all linear transformations from V to V, and let / be the identity linear 
transformation of V. If is a subspace of V, then an linear transformation q 
satisfying ^ is an idempotent. An element q of End{V) satisfying ^ is called 
a W-idempotent. 

Definition 1.2 If W is a subspace of a vector space V and q is a W-idempotent, 
then the invariant algebra {End{V),q) induced by q is called the linear invari- 
ant algebra over V induced by the W-idempotent q. 

Clearly, the linear invariant algebra {End(V),q) over V induced by a W- 
idempotent q consists of all linear transformations of V having W as an invariant 
subspace, i.e., {End{V),q) — End^y{V). 

Definition 1.3 Let and (B^q^) be invariant algebras. A linear map 

(j) : — )■ {B,qg) is called an invariant homomorphism if 

(j){xy) = (p{x)(p{y) for x, y e {A, q^ ) 

and 

where 1^ and 1^ are the identities of A and B , respectively. A bijective invariant 
homomorphism is called an invariant isomorphism. 

The next proposition shows that any invariant algebra can be imbedded in 
a linear invariant algebra. 

Proposition 1.1 If {A,q) is an invariant algebra, then the map 

(f> : a ^ for a G {A, q) 

is an infective invariant homomorphism from (A, q) to the linear invariant al- 
gebra {End{A,q),qj^) over {A,q) induced by the {A, qY™^ -idempotent q^, where 
is the left multiplication defined by a^{x) := ax for x £ (A.q) and 

(Ag)™' ■.= {qx-x\xe {A,q)}. 

There are six ways of making an invariant algebra into a Lie algebra. One 
of the six ways is given in the following 



3 



Proposition 1.2 Ifq is an idempotent of an associative algebras A, then {A,q) 
becomes a Lie algebra under the following 6-th square bracket 

[x, ?/]6,fe := xy -yx- xyq + yxq + kxqy - kyqx, (4) 

where x, y £ {A,q), and k is a fixed scalar in the field k. This Lie algebra is 
denoted by Lie(^{A, q), [ , ]6.kj ■ 

Following i2j, a vector space C is called a (right) Leibniz algebra if there 
exists a binary operation (, ): C x C C such that the (right) Leibniz 
identity holds: {{x, y),z) — {x, (y, z)) + {{x, z),y) for x,y,z £ C. 

There are four ways of making an invariant algebra into a Leibniz algebra. 
One of the four ways is given in the following 

Proposition 1.3 Ifq is an idempotent of an associative algebras A, then {A,q) 
becomes a Leibniz algebra under the following 4-th angle bracket 

{x,y)i = xy — yx + yqx — xyq + kxqy — kqyx, (5) 

where x, y € {A, q), and k is a fixed scalar in the field k. This Leibniz algebra 
is denoted by Leib{^A, g), ( , )4,fe^ . 

Let W he a, subspace of a vector space V, and let g be a W-idempotent. 
The Lie algebra Lie(^{End{V), q), [ , ]e.kj is denoted by 5^q'Jy''°(V) and is called 
the 6-th general linear Lie algebra induced by {q,W). The Leibniz alge- 
bra Lie(^{End(y),q), (, )4,fe^ is denoted by g(''qw''°{V) and is called the 4-th 
general linear Leibniz algebra induced by {q, W). 

We finish this section with the following 

Definition 1.4 Let W be a subspace of a vector space V over a field k and let 
q be a W -idempotent. 

(i) A Lie algebra homomorphism Lp from a Lie algebra {C, [, ]) to the 6-th 

general linear Lie algebra g(-lj]^''{V) is called a representation^^*'' of £ 
on V induced by {q,W). 

(ii) A Leibniz algebra homomorphism ip from a Leibniz algebra (£, ( , )) to the 

4-th general linear Leibniz algebra giq'iy''' {V) is called a representation*^ 
of C onV induced by (g, W). 
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2 Free Invariant Algebras 



Let {A,q) be an invariant algebra, and let i be a map from a set X to {A,q). 
The pair ^{A,q),ij is called the free invariant algebra generated by the set 

X if the following universal property holds: given any invariant algebra (A, q) 

and any map 9 : X ^ {A, q) there exists a unique invariant homomorphism 
9 : {A, q) — >• {A, q) such that 9i = 9; that is, the following digram is commutative 

{A,q) A {A,q) 
i 6 

X = X 

The free invariant algebra generated by a set is clearly unique. 

We now construct free invariant algebras over a field k. Let X := {xj\j 
J} be a set, and let g be a symbol which is not an element of X. Let TiV) be 
the tensor algebra based on a vector space V, where V = kxj kg is the 

vector space over k with a basis X(J{g}. Let / be the ideal of TiV) generated 
by 

{q<Siq — q, q<SiaiSiq — q<^a\aG T{V) }. 

T(V) 

Let A := — j — and q := q + I. Then {A, q) is an invariant algebra. 

Proposition 2.1 The pair (j^A, q), is the free invariant algebra generated by 
the set X = {xj \ j & J }, where the map i is defined by 

i{xj) := Xj + I for j G J. 



Let Xj := i{xj) = xj + 1 for j € J. The product of two elements a and b of 
{A, q) is simply denoted by ab. The next proposition gives a basic property of 
the free invariant algebra (j^A,q),i^ generated by the set X. 



Proposition 2.2 The following subset of (j^A,q),i^ 

S := i^i, q, Xj^ ■ ■ ■ Xj^ , Xji ■ ■ ■ Xj^qXj^_^^ ■ ■ ■ Xj^ 
is a k-&asis of the vector space {A,q). 



{ Xji ) ■ ■ ' ) } Q X, 
m G Z>i, m>t>Q 
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3 Enveloping" Algebras of Lie Algebras 

In the remaining part of this paper, we assume that the scalar k is non-zero. 

Using invariant algebras and invariant homomorphisms in section 1, we in- 
troduce enveloping^^*'* algebras of Lie algebras in the following 

Definition 3.1 Let [C, [,]) he a Lie algebra (arbitrary dimensionality and char- 
acteristic). By a enveloping^"*'* algebra of (£, [, ]) we will understand a 

pair (^(U,q),i^ composed of an invariant algebra (U,q) together with a map 

i : C ^ {U, q) satisfying the following two conditions: 

(i) the map i : {L, [,])—>■ Lie(^{U,q), [, ]6,kj is a Lie algebra homomorphism; 

that is, i is linear and 

y\) = i{y)]&.k = i{x)i{y) - i{y)i{x) + 
-i{x)i{y)q + i{y)i{x)q + ki{x)qi{y) ~ ki{y)qi{x) for x, y <E C, 

(ii) given any invariant algebra (A, q) and any Lie algebra homomorphism f : 

(£, [, ]) — >■ Lie(^{A,q),[, ]6,/£^ there exists a unique invariant homomor- 
phism f : {U, q) {A, q) such that f — f'i; that is, the following diagram 
is commutative: 

{U,q) 
i 

C 

Clearly, the enveloping^"*'' algebra of a Lie algebra £, which is also denoted 
by (U^^^^ (C) , q) , is unique up to an invariant isomorphism. 

We now construct the enveloping^^*'* algebra of a Lie algebra (£, [, ]) over 
a field k. Let X — {xj\j£j}hea basis of {C,[, ]). Let (^{A,q),i^ be 

the free invariant algebra generated by the set X. By Proposition 12.21 X := 
{ Xj := i{xj) I J G J } is a linearly independent subset of (A, q). Hence, i can be 
extended to an injective linear map i : C {A, q). Let x :— i{x) for all x G £. 
Let R be the ideal of {A, q) which is generated by all the elements of the form 

[x, y\ — xy -\- yx + xyq — yxq — kxqy + kyqx, 
where x, y <E C :~ Let 

W:=4' <1-=Q + R- (6) 



f 
jC. 
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Define a map i : C ^ iU.q) by 

i{x) -.^x + R for X e C. (7) 

We have the foUowing 

Proposition 3.1 The pair (^(L{,q),ij defined by and ^ is an 

envelopincf'^^^ algebra for the Lie algebra {C, [,]) 

The following proposition gives the counterpart of P-B-W Theorem in the 
context of representations^^*'* of Lie algebras. 

Proposition 3.2 (The Extended^"*'' P-B-W Theorem) Let C be a Lie 

algebra with a basis X :— {xj \ j d J }. If the set J of indices is ordered, then 
the following set of cosets 

it > • • • > ii, 

jm > • • • > jl > jo, 

t, m e Z>o 

is a basis for the env eloping^ algebra {U, q)) of the Lie algebra C. 



qXj, 



+ R, 

X -J 1 • • • X T j 



4 Hopf-like^ Algebras 



Let C be a vector space over a field k. The canonical map c i— >■ 1 ® c is denoted 
by C — k (g) C, and the canonical map c ^ c®\ is denoted by C C (g) k 
respectively, where c G C. If y and W are vector spaces over a field k, then the 
twist map 

T -.v ®W (^V 
is defined by t(v ® w) := w ® v, where v and w G W . 

First, we introduce the concept of a bialgebra with cr-counit. 

Definition 4.1 An associative algebra H over a field k is called a bialgebra 
with cr-counit if there exist five linear maps m : H ® H H , u : k — > ff, 
A : H ^ H H , e : if — k and a : H ^ H such that the following eight 
diagrams are commutative: 



• associativity 



id® m 



jj m(g>id jj 
£1 !• H ( 



H 



H 
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• unit 



H 



H ®H ^ H ®Vi 



m 



H 



H 



• coassociativity 



H 
A 



id® A 



H®H H®H®H 



• a-counit 



k<®H 

e ®iid 

H®H A- 
• A is an algebra homomorphism 

H®H 
A® A 

H ® H ® H ® H 

H 

u 



H — )■ H®\si 

id®s 

H A H®H 

^H-^ H®H 

m®m 

^'^^^'^ H®H®H®H 

A H®H 

u®u 



kOk 



• e is an algebra homomorphism 

H®H ^ kOk 
m 
H 



H = H 

u 

k = 



The maps A and s are called the comultiplication and the cr-counit respec- 



tively. A bialgebra H with cr-counit is also denoted by H( 
maps have to be indicated explicitly. 



if the five linear 



Based on bialgebras with (T-counit, we now introduce Hopf-like algebras in 
the following 



Definition 4.2 A hialgehra H = with a-counit over a field\i is called 

a Hopf-like^^*'' algebra if there exists a linear map S : H ^ H such that the 
following diagram is commutative: 

H A H^H ^-^^ H®H ^ H 

H ^ H ^ k ^ H (8) 

H A H^H H®H ^ H 

The linear map S satisfying ([S]) is called the antipode^^*''-like of the Hopf- 
like^"*'' algebra. 

The first generalization of the Hopf algebra structure for the ordinary en- 
veloping algebra of a Lie algebra is given in the following 

Proposition 4.1 The enveloping^"*^ algebra U^^^^{C) of a Lie algebra C is 
a Hopf-like^~*^ algebra, where the comultiplication A, the a-counit e and the 
antipod^~^^ -like S satisfy 

A{q) ^q®q, 

A(2;) — (x + kqx — xq) ig) 1 + 1 (g) (x + kqx — xq) + 

+(1 — k)qx ® q + {I — k)q (g) qx for x ^ C, 

e{q) = 1, e{x) = for x <E C, 

S{q) = 1 — q, S{x) — — kqx + —xq for x £ C 

and the linear map a : Ul-"\C) Ul-"\C) IS defined by 

a{a) := a + qa- aq for a £ U^^*'' {£) . 

5 Enveloping^^^^^^ algebras of Leibniz algebras 

The concept of the enveloping^^^*'*^ algebra of a Leibniz Algebra is introduced 
in the following 

Definition 5.1 Let [C, (,)) be a Leibniz algebra (arbitrary dimensionality and 
characteristic). By a enveloping^*^*'*^ algebra of {£, (,)) we will understand 

a pair (^{l/(,q),i^ composed of an invariant algebra {U,q) together with a map 

i : C ^ {U, q) satisfying the following two conditions: 
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(i) the map i : (£,(,)) — ?> Leiby(U,q), {,)4^kj "is o. Leibniz algebra homomor- 

phism; that is, i is linear and 

y)) = {i{x), i{y))4,k = i{x)i{y) - i{y)i{x) + 
+i{y)qi{x) — i{x)i{y)q + ki{x)qi{y) — kqi(x)i{y) for x, y € C, 

(ii) given any invariant algebra {A, q) and any Leibniz algebra homomorphism 

f : (£,(,)) — > Leib(^(A, q), {,)4^kj there exists a unique invariant homo- 
morphism f : {U, q) — > (A, q) such that f — f'i; that is, the following 
diagram is commutative: 

{U,q) ^ {A,q) 
f 

c = c. 



Clearly, the enveloping^'' algebra of a Leibniz algebra C, which is also 
denoted by {lA^ *''^(>C),g), is unique up to an invariant isomorphism. 

We now construct the enveloping invariant algebra of a Leibniz algebra 
(£,(,}) over a field k. Let X = {xj\j J} he & basis of (£,(,)). Let 

{^A,q),ij be the free invariant algebra generated by the set X. By Propo- 
sition [521 ^ '■= { Xj ■= i{xj) I G J } is a linearly independent subset of [A, q). 
Hence, i can be extended to an injective linear map i : C ^ {A, q). Let x := i{x) 
for all X £ £. Let R be the ideal of {A, q) which is generated by all the elements 
of the form 

{x, y) — xy + yx — yqx + xyq — kxqy + kqyx, 
where x, y C and we identify C with i{C). Let 

q:^q + R. (9) 

Define a map i : C ^ (lA, q) by 

i{x):^x + R forxe£. (10) 



Proposition 5.1 The pair i^(U, q), ij defined by 0) and U(J\) is the enveloping'''^ 
algebra of the Leibniz algebra (£, (, )) 

The following proposition gives the counterpart of P-B-W Theorem in the 
context of representations^^^*'*^ of Leibniz algebras. 
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Proposition 5.2 (The Extended^''-*''^ P-B-W Theorem) Let C be a Leib- 
niz algebra with a basis X := {xj \ j J }. If the set J of indices is ordered, 
then the following set of cosets of model monomials 

is a basis for the enveloping^'^^^^^ algebra of the Leibniz algebra C 



6 Hopf-like^^-^'^) Algebras 

We begin this section by introducing two generalizations of Hopf algebras. 

Definition 6.1 Let H — m, m, A, e) be a bialgebra, where {H,m,u) gives 
the associative algebra structure of H , and (iJ, A, e) gives the coalgebra structure 
ofH. 

(i) H is called a Hopf-like^'*~*''^i algebra if there exists a linear map S . H ^ 

H such that the following diagram is commutative: 

H A H(SH ^-^'^ H^H ^ H 

H ^ H ^ k ^ H (11) 

The linear map S satisfying Ul\) is called the antipode^'*^*''^i-like of the 

Hopf-like^^^*'^^ ^ algebra H. 

(ii) H is called a Hopf-like^'*^*''^2 algebra if there exist an algebra homomor- 

phism a : H ^ H and a linear map S : H ^ H such that the following 
diagram is commutative: 

H A H®H H®H H 

H ^ H ^ k H (12) 

The linear map S satisfying il^) is called the antipode^'*^*''^2-like of the 

Hopf-like^'^~^'^^ 2 algebra H . 
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Clearly, a Hopf algebra is both a Hopf-like^^ algebra and a Hopf-like^^ 

algebra with a = id. 

The other two generalizations of the Hopf algebra structure for the ordinary 
enveloping algebra of a Lie algebra is given in the following 

Proposition 6.1 Let {ujf~*'^\£,), q) be the enveloping^'^~'^^^ algebra of a Leib- 
niz algebra jC. 

(i) Ifk=l, then {u[^~*^\c) , q) is a Hopf-like^^-*^^ ^ algebra; 

(ii) Ifk^O, then {ujf (C) , q) is a Hopf-like'^'^-*''^^ algebra, 

where the comultiplication A, the counit e, the antipode-like''^~*'^^ ^ S with i = 1, 
2 satisfy 

A(g) = q^q, 

A(x) = {x + kqx — xq) ®l-\-l®{x-\- kqx — xq) + 

+{—kqx + xq) ®q + q® {—kqx + xq) for x & C, 

e{q) = 1, e{x) = for x € C, 

S{q) = 1 — q, S{x) = —yx + (y — k\xq for x e C 

k \k ) 

and the algebra homomorphism u is defined by 

a{a) := a + qa — aq for a S {C) . 
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